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Abstract-we analyze the behaviour of several subgrid scale (SGS) models for large eddy simu- 
lations (LES) by means of an a priori test. For such a test, we make use of the results of a Fourier 
pseudospectral 512 x 512 x 512 direct numerical simulation (DNS) of a turbulent homogeneous flow at 
Reynolds number 1000 (courtesy of Meneguzzi). We compare the exact filtered quantities, obtained 
from the DNS data, to the same quantities as predicted by turbulent models. The filtering is done 
using the Fourier sharp-cut filter. For the SGS stress tensor we analyze the correlation coefficients 
and the alignment between the exact stress tensor and the modelled one. Since in LES it is very 
important to correctly represent the energy exchange between resolved and unresolved scales, the cor- 
relation coefficients are also computed for the energy dissipation and for the forward and backward 
scatters. The influence of the filter amplitude on the behaviour of the models is also tested. 
We next perform numerical simulations of a channel flow between two parallel unbounded plates, 
using a numerical code based on second-order centered finite difference. 
Two groups of simulations are performed at Reynolds numbers He, = 180 and 660, for which 
experimental data are available (at He, = 180 we also dispose of DNS data). We shall focus the 
discussion essentially on the behaviour of the newest models. @ 2003 Elsevier Ltd. All rights 
reserved. 
Keywords-Large eddy simulation, Turbulence, Channel flow, Homogeneous turbulent flow, Sub- 
grid scale models. 
1. INTRODUCTION 
The LES technique requires the numerical solution of the Navier-Stokes equations for the eddies 
larger than the grid scale, with models assumed for the subgrid scales (SGS). The resolved scales 
are obtained by introducing a spatial filter that removes from the equations the unresolvable 
small scales of turbulence. For the same physical conditions the LES is much cheaper than DNS. 
Moreover, LES can be applied to high Reynolds 3D complex flows, where DNS is actually not 
achievable. Recently there have been improvements in SGS models. In order to verify the quality 
of a model, not only an a posteriori test on a complex flow is important, but also an a prior-i 
test where the quantities obtained filtering a field from a DNS are compared to those predicted 
by the model. 
It is well known [1,2] that the quality of the subgrid model depends on the type of filter used. 
In most practical computations the flow is not homogeneous, and filters in the physical domain 
are required. Such filters, however, involve a contribution of SGS scales but also of the smaller 
resolved scales. We shall consider a statistically homogeneous and isotropic flow in a 3D box 
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periodic in every direction. This permits us to use a spectral cutoff filter in the Fourier space. 
This filter is a very good one because it clearly separates the grid scale and the subgrid scales. On 
the other hand, homogeneous isotropic turbulence locally displays elongated filaments (worms) 
where high vorticity is concentrated. Locally, such a flow is not isotropic, so the capability of the 
model to take into account the anisotropicity of small scales can be tested. The reason for the 
choice of the cutoff filter is that we do not want to consider the subtle correlations introduced by 
a filtering with strong localization in physical space, but we want to concentrate our analysis to 
the models themselves. We postpone the joint analysis of model and spatial filtering to a future 
work. 
In LES, a model has to satisfy various requirements. First of all, the gradient of the SGS 
shear stress has a direct influenceon.thg mean flow. Second, the net energy transfer between the 
resolved scales and the unresolved ones has to be correctly represented. This transfer includes the 
dominant dissipative effect associated with the forward scatter, and the backward transfer from 
the unresolved scales to the resolved ones. All of the aspects will be analyzed in the following, 
on the basis of an a priori test. 
In this paper, we shall also dwell on the alignment between the SGS stress and the strain rate 
tensors. 
The LES models that we have considered are the original dynamic model by German0 et al. [3] 
with the modification by Lilly [4], an anisotropic model [5], and two dynamic mixed models 
derived from Liu et al. [2] and Metais and Lesieur [6]. 
We finally present numerical results for a plane channel flow using centered finite difference. 
The models we have considered are the original dynamic model by German0 et al. [3] with the 
modification by Lilly [4], and our anisotropic model [5]. The average procedure and/or the 
clipping of viscosity values are often used, essentially for reasons of numerical stability. In [?‘I, 
the average procedure has been embedded in a constrained variational formulation that makes 
it mathematically consistent. It is nevertheless disappointing that the coefficients of a model 
that was derived under the assumption that these coefficients do not depend on the position 
(within the inertial range scales) have to be averaged on large scales. Both the clipping and the 
averaging remain a very unpleasant feature. For the German0 model, the computations indeed 
require averaging the Smagorinsky coefficient in space and time for numerical stability reasons. 
For the anisotropic model, instead the computations are performed without averaging the model 
coefficients in space and time. In both models, we need to modify the turbulent stresses whenever 
the total dissipation becomes negative. The numerical results are presented in Section 5. 
We note that the results of the a priori test conducted in the first part of the paper are not 
much related to those of the LES of channel flows, for two reasons: on one hand, the types of 
ilows are different since in the channel flow we have the presence of boundary layers which are 
absent in the homogeneous isotropic turbulence; on the other hand, the filtering procedures are 
quite different and this produces very different behaviour in the models [1,2]. The aim of this 
second part is to test the models on actual flows. We postpone the quantitative comparison 
between a priori tests on a channel flow with spatial filters to a future work. 
2. THE FILTERING OPERATION 
In order to separate the resolved from the unresolved scales in LES, a filtering operation is 
applied to the Navier-Stokes equations. A filtered quantity f is defined as 
f(x) = J, f (x’) e (x,x’; A) dx’, 
where D is the entire domain, e is the filter function, and & is the filter width. In the following, 
the sharp cutoff filter is employed. It is defined in the Fourier space as 
e(k) = s ~(x’)e-ikx’ dx, = D 
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where C is the complex Fourier coefficient of C:, and the filter width B corresponds to the 
wavelength of the smallest resolved scales. Filters in physical space, such as Gaussian and tophat 
filters, mix together the smallest resolved scales as well as the unresolved ones. For this reason, 
we use a cutoff filter which clearly separates the scales. Applying the filtering operation to the 
Navier-Stokes equations for incompressible flows, we obtain 
where overbar denotes the resolved quantities. These are the equations of conservation of mass 
and of momentum for the large, energy-containing scales of motion. The effect of smaller unre- 
solved scales is contained in the SGS stress tensor 
which must be modelled. The Leonard stresses .Cij = m - 6iCj represent interactions between 
resolved scales that result in SGS contributions; when the cutoff filter is used, they are just the 
aliasing errors. The cross terms Cij = i&u> - G represent the interactions between resolved 
and unresolved scales, while the SGS Reynolds stresses Rij = U~U; represent the interactions 
between unresolved scales. We shall define in the next section the models that we have used in 
the present paper. 
3. THE MODELS 
3.1. The Dynamic Model 
The dynamic procedure to model the rij tensor was first introduced by German0 et al. [3]. It is 
based on the assumption of similarity between different scales in the inertial range of the energy 
spectrum. A second filter (the test filter) with width d larger than d is introduced. Applying 
the test filter to the equations of motion, we obtain a subtest stress tensor 
Tij and Tij are related by the German0 identity 
Ljj = Tjj - Tij = fijj - f&G,, 
to the resolved turbulent stresses Lij. Tij and rij are modelled in the same way using the 
Smagorinsky model 
Tij = -2Ch2 ISI Si.j, 
=2 = = 
Tij = -2CA S Sij, 
I I 
where Sij is the resolved strain rate tensor. Substituting in the German0 identity, we obtain five 
equations in the unknown coefficient C. Applying a least square technique to the equations [4], 
a value for the Smagorinsky coefficient is obtained 
where 
1 Li,jMij C=- 
2 MklMkl’ 
This model has represented a great improvement in LES, ,but it has some defects: 
l the coefficient C is a function of space and time and can assume also negative values; this is 
not a bad feature, since it is supposed to happen where backscatter occurs, but a clipping 
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on negative peaks must be applied; otherwise numerical instability occurs. Moreover, 
to reduce further numerical instability, the coefficient is averaged in the homogeneous 
directions and/or in time. 
l The Smagorinsky model is based on the hypothesis that the smaller dissipative scales have 
an isotropic character and can be modelled with an isotropic eddy viscosity u = CAz]S]. 
This hypothesis is maintained also in the dynamic model, and as a result the SGS stresses 
are forced to be aligned with the strain rate tensor, which is actually not true. Indeed, 
even in isotropic homogeneous turbulence there are structures present at all the scales in 
the inertial range (the so-called worms) that produce local departure from isotropy. 
3.2. The Anisotropic Model 
To avoid this defect, an anisotropic dynamic model was proposed in [8]; the anisotropic exten- 
sion of the Smagorinsky model read 
and the fourth-order tensor Bij,, is assumed to have the following form: 
where ai, are the components of unit vectors a, (a = 1,2,3), to be chosen suitably. The 3 x 3 
matrix ai, is unitary; in particular, a-’ = aT, where aT is the transposed matrix. Cap = Cp, are 
the elements of a 3 x 3 symmetric matrix that replaces the single coefficient C of Smagorinsky’s 
model, and the usual sum convention has been abolished for obvious reasons. The coefficients Cap 
vary in space and time, like C in the previous model. The assumption is that in the locally rotated 
reference frame defined by the transformation matrices ai,, the tensor Bijrs becomes diagonal 
with respect to two indices. Using the German0 identity, the coefficients Cap are determined 
explicitly 
where 
Qao = -2 c areasp - - 8,, - A-]$, , 
p,s I 
C Lkk = -2 C Capaiaajgaraa,p 
k %Pvr,s 1 




lw x 4 
a3 = al x a2, WEVXU. 
We remark here that this choice does not ensure Galilean invariance of the model. This problem 
can be solved by using vectors a that do not depend explicitly on the velocity but only on the 
spatial derivatives of u. For example, the eigenvectors of matrix Sij are a suitable choice. We have 
actually made a priori tests with this formulation, but we have not found significant differences 
with choice (4); therefore, we shall not present them in the following. 
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3.3. Dynamic Mixed Models 
Another way to overcome the problems inherent in the original dynamic model is. achieved by 
the scale similarity models, where part of the effects of the unresolved scales is modelled by using 
the smallest resolved scales. 
Liu et al. [2] proposed a model in which the scale similarity part is assumed to be proportional 
to the resolved turbulent stress tensor Lij 
rij = K Lij - 2CH2 ( S 1 S+,j. 
An a priori test (21 d emonstrated that the backscatter is contained mainly in the Leonard and 
the Cross terms computed using a finite-difference formulation, with filtering procedure in the 
physical space. Following this, Salvetti and Banerjee [9] formulated a model in which the cross 
term is not neglected but assumed to be proportional to a modified Leonard tensor ,$ = cicj - 
Gii?j. The SGS stress tensor becomes 
- - 
rij = K.C; - 2CA2 ISI S,. 
The coefficients K and C are determined via the usual dynamic procedure. This model, in a 
finite difference LES with filters in physical space, has given good results. 
In our test, we have used the model proposed by Liu et aE. [2], that we shall call LMK, because 
when using the spectral cutoff filter, the Lz tensor is the aliasing error [l] which is not physically 
interesting. 
The above considerations led us to test another mixed model where we use for the dissipative 
part the model defined in [6], and we mix it with the same tensor Lij as above, 
where Fz is the second-order structure function 
Fs(r) = ((v(x + r) - v(x)12). 
In the following, this will be designated as the LF model. 
Finally, we have considered a mixed formulation of the anisotropic model of Section 3.2, 
where the tensor Bijrs is expressed as before (2). The coefficient K cannot be determined 
dynamically because all the degrees of freedom are exhausted by the, coefficients of the symmetric 
matrix C,p. We have taken K = 1. In the following; we shall designate this model as A + L,j. 
4. THE A PRIORI TEST 
The a priori test is made over a field resulting from a DNS with pseudospectral Fourier method 
of a homogeneous turbulent flow at Re = 1000. The grid resolution of the DNS was 5123 points. 
In Figure 1, the energy spectrum of the field is represented. The test has been performed for 
different grid filter sizes. 
To compare the modelled to the exact SGS quantities, we will make use of the correlation 
coefficient. For two generic quantities a and b, it is defined as 
*(a, b) = b-4 - b)(b) 
,/((u”) - (cA)~) ((b2) - (b)2)’ 
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Figure 1. Energy spectrum for the DNS at Re = 1000. 
where the brackets ( ) mean ensemble average. We shall use a space average instead of ensemble 
average 
N,,N,,Nz 
(4 = c Nz>;Nz7 (5) 
G,k 
where i, j, k are the indices of the 3D equispaces grid in physical space. 
We shall also present correlations for quantities inside high vorticity regions (the worms); in 
this case, the sum in (5) is extended to those grid points where vorticity is higher than a given 
threshold (we used 1% of the maximum value). . 
Another interesting quantity that we shall compute is the average angle between two tensors A 
and B. This is defined as 
ff = arccos [WA * BY 
> Tr(A*A)Tr(B*B) 
If the two tensors are proportional to each other, the angle is exactly 0, while if they are completely 
uncorrelated, the average angle is 90 degrees. 
Moreover, since in the scale similarity theory a similar behaviour is assumed for resolved and 
unresolved scales, we shall analyze also the turbulent resolved stress tensor Lij. 
4.1. The SGS Stress Tensor 
Since the shear SGS stresses directly affect the large scale field, first of all we consider the 
correlations between the modelled and computed components of the SGS stress tensor. In Fig- 
ure 2, the correlation coefficients for a particular component (~12) of the stress tensor are plotted 
as a function of the wave number of the filter cutoff. We see that the correlations are small. 
For example, those for the LMK model are much lower than the values found by Salvetti and 
Analysis of Subgrid Scale Models 
filter resolution filter resolution 
Figure 2. Correlation coefficients for 712 as a func- 
tion of the filter resolution. The filter resolution 
is equal to the wavenumber at which the cutoff 
is applied. GL: German0 Lilly dynamic model. 
A: Anisotropic model [8]. Lij: Turbulent resolved 
stress tensor. LMK: mixed model from [2]. LF: 
mixed model modification [6]. 
Figure 3. Correlation coefficients for 712 inside 
worms. 
Banerjee in the a priori test for their scale similarity model [9]. This is due to the filter: they 
used a filter in physical space with an overlapping between resolved and unresolved scales, and 
thus SGS modelled quantities are much more correlated to the exact ones than when a sharp 
cutoff filter is employed. 
In Figure 3, we plot the correlation coefficients obtained by averaging inside the worms; the 
values are much larger than those of Figure 2. This means that inside organized structures, the 
SGS stresses are more correlated to the resolved quantities than outside. Observing the graph 
we can see that all the models do worse when resolution is decreased. The worst is the original 
dynamic model, most probably because the stress tensor is forced to be aligned to the strain rate 
tensor, a constraint which is not adequate as we shall see later. The behaviour of the resolved 
turbulent stresses Lij is very interesting: they have a very good correlation with the exact SGS 
stresses, and the value of the coefficient does not decrease when the resolution is decreased. This 
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Figure 4. Average angle between the modelled stress 
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We next compute the average angle between the modelled and the exact SGS stress tensor, as 
defined in (6). This quantity is plotted in Figures 4 (for the entire domain) and 5 (inside worms). 
We see that there, is no significant difference between the two figures. All the values are in the 
range between 60 and 70 degrees, which is somewhat deceiving because one would expect values 
close to 0. The best values are obtained for the Lij tensor; instead, the worst values are for the 
dynamic model GL (in this case, rij is forced to be aligned with $j). 
We next present the angle between the SGS stresses and the strain rate tensor (Figures 6 and 7). 
This is an important quantity because turbulent viscosity models (for example, GL) usually make 
the hypothesis that the two tensors are proportional to each other, and therefore, the angle would 
be 0. The DNS data show that the average angle is close to 70 degrees. This means that the 
hypothesis of proportionality is not correct, yet the two tensors are not completely uncorrelated. 
Similarly to Figures 4 and 5 we see that the behaviour of the models inside the worms is not 
significantly different from the rest of the volume. We note that the Lij tensor reproduces quite 
well the behaviour of the exact SGS stresses. The best values among the models are obtained by 
the anisotropic mixed model A + Lij. This is probably due to the fact that the other models are 





filter resolution filter resolution 
Figure 6. Average angle between the stress tensor ~ij Figure 7. Average angle between the stress tensor T-%~ 
and the strain rate tensor S<j. and the strain rate tensor Sij inside worms. 
4.2. Energy Transfer 
We now consider the energetics of the flow. At first, we compare the SGS dissipation 
'%GS = (Ttjsij) 
for the various models with the values predicted by the DNS. Brackets denote space average over 
the entire domain. In Figure 8, the DNS values show that EsGs is a decreasing function of the 
filter resolution. All the models, except the A + Lij, instead display the opposite tendency. In 
particular, for filter width usually used in LES for this Reynolds number (A N 60), the modelled 
dissipation is absolutely wrong. We remark that the model A + L,j is too much dissipative at 
high resolution, but for larger filter width the dissipation of resolved turbulent stresses is close 
to the values expected from DNS. 
The models should not have only a dissipative character, so we evaluate also the forward and 
backward scatter. We define 
E+ _ ESGS + kSGSI - 
> 2 T 
E- CT fSGS - kSGSI 
> 2 
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Figure 8. SGS dissipation. 
The results are shown in Figures 9 and 10. Here, again we find that for filter width typically 
used in LES the absolute values obtained for all the models except A + Lij are much smaller than 
those predicted by DNS. In Figure 11 is represented the fraction of volume where backscatter 
occurs. We see that the correct behaviour, as shown by DNS data, is a decrease of the fraction 
when the filter width is increased. Instead, we see that the models produce values which are 
essentially independent of the resolution. 
-%J , :‘.?.y , , , , 1 
. 0 50 100 150’ 200 
filter resolution filter resolution 
Figure 9. Backward scatter. Figure 10. Forward scatter. 
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Figure 11. F&&ion of the total volume where backward scatter occurs. 
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5. THE PLANE CHANNEL SIMULATIONS 
We have performed numerical simulations of a plane incompressible channel flow with periodic 
boundary conditions in the horizontal directions and no-slip conditions on the walls. We have 
used a fractional step approach [lo] with a third-order, three-steps, explicit Runge-Kutta scheme. 
For the spatial discretization we have employed a second-order accurate finite difference scheme 
on a staggered grid. Each Runge-Kutta time step has been split into two steps; the first one 
consists of the calculation of a temporary velocity field without making use.of the pressure terms; 
the second step is a projection of the solution onto a divergence-free space, which results in 
solving a Poisson equation for the pressure. 
We first present results of simulations at moderate Reynolds number, Re, = 180. The domain 
dimension is 2rh x rh x 2h. The resolution used is 32 x 32 x 27. In the normal direction the grid 
is stretched using a tanh function; there are three points in the laminar sublayer, and eight points 
within the buffer region. In the horizontal direction the grid spacing in wall units is 17.7 x 8.8. 
The simulations were performed using the anisotropic model (A) proposed in Section 3.2. 
In both cases the test filter used was a 3D box filter. The computations are performed until a 
statistically steady state is reached. The simulation is then continued for about 40 nondimensional 
times t*. We remark that the anisotropic model, unlike the traditional isotropic models (see, 
e.g., [3,11,12]), did not require any averaging operation in space and time in order to avoid 
numerical instabilities. Moreover, the three-dimensional test filter has been employed, while 
nearly all the simulations performed using isotropic models required the adoption of 2D filters. 
In the following discussion, the results obtained with model A are compared to filtered DNS 
by Passoni, to experimental data by Liu et al. [13] and Kreplin and Eckelmann [14], and to the 
results obtained by a simulation performed using our numerical code with the standard isotropic 
turbulent viscosity dynamic model in the form proposed by Lilly. Mean quantities are obtained 
by averaging in time and on planes parallel to the walls. 
The normal to wall turbulent stresses for the (A) model are shown in Figure 12; the two 
contributions to the total turbulent stresses are highlighted. The slope of the total turbulent 
stress is very close to -1, which shows that the field has reached a statistically steady state. The 
value and the position of the maximum of the resolved component are in good agreement with 




-0.5 ---. isotropic model 
experimental data 
Figure 12. Mean turbulent stress profiles obtained Figure 13. Mean longitudinal velocity profiles ob- 
with (A) model at FCe, = 180 vs. z/h: -, to- tained with different models vs. z+, compared with 
tal turbulent stress; - . -, resolved turbulent stress; DNS and experimental data, at Re, = 180: -, 
--- , modelled turbulent stress. anisotropic model; - - -, Lilly isotropic model; 
x, experimental data by Liu; , DNS by Kim et 
al. 
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Figure 14. Rms values of the longitudinal veloc- 
ity component u obtained with different models 
vs. z, compared with experimental and DNS data, 
at Reynolds number ReT = 180: -, anisotropic 
model; - - -, Lilly isotropic model; x, experimen- 
tal data by Liu et al. [13]: A, experimental data by 
Kreplin et al. [14]; . , DNS by Passoni [16]. 
Figure 15. Rms values of the spanwise velocity com- 
ponent v obtained with different models vs. z+. 
In Figure 13 we show the longitudinal mean velocity profile as a function of the distance from 
the walls expressed in wall units, z+, where z+ = ZU,/V; the results are in good agreement with 
the experimental data and show an evident improvement with respect to those given by Lilly’s 
isotropic model. 
In Figure 14 the rms values of the fluctuating longitudinal velocity component vs. z/h are 
plotted. We notice a slight improvement over Lilly’s isotropic model, especially in the middle of 
the channel. 
In Figure 15, we present the rms values of the fluctuating spanwise velocity component TJ. We 
notice that the anisotropic model gives results which are very close to the experimental data by 
Kreplin and Eckelmann [14]. The improvement over Lilly’s isotropic model is especially visible 
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Figure 16. Rms values of the normal velocity com- 
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z+ 
Figure 17. Rms values of the longitudinal velocity 
component u obtained with different models vs. z, 
compared with experimental data, at Reynolds num- 
ber Re, = 660: -, anisotropic model; - - -, Lilly 
isotropic model; X, experimental data by Wei and 
Willmarth [ 171. 
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In Figure 16 the rms values of the fluctuating velocity component w normal to the walls as a 
function of the height z+ are shown.. Here, also the results given by (A) are better than those 
obtained with Lilly’s model, especially near the wall. The differences between the two sets of 
experimental data are probably due to the different measurement techniques adopted. Indeed, 
while Liu et al. [13] employed a laser-Doppler velocimeter, Kreplin and Eckelmann [14] made use 
of standard hot-wise instrumentations, which might have been affected by cross-contamination 
errors. 
We turn now to the larger Reynolds number case, Re, = 660. The domain dimension is 
(5/2)rh x (7r/2)h x 2h. The resolution used is 66 x 50 x 65. In the normal direction, the grid is 
stretched using a tanh function; there are three points in the laminar sublayer, and eight points 
within the buffer region. In the horizontal direction, the grid spacing in wall units is 78 x 20.7. 
The intensity of turbulence here is larger; the inertial range is broader, and therefore, we expect 
both models to work better. The grid is, however, not fine enough, due to limitations in the 
computer facilities available. We compare our results with experimental values obtained by Wei 
and Willmarth [17]. The effects of the coarse grid are especially visible on the rms fluctuations 
of longitudinal velocity component: the peak of the fluctuations are not at all caught by the 
isotropic model (see Figure 17); the behavior of the anisotropic model is clearly much better. We 
see here another good feature of the anisotropic model: it needs a lower resolution to achieve the 
same precision as the isotropic one. 
The other two components of the velocity fluctuations instead do not show significant differ- 









Figure 18. Rms values of the spanwise velocity 
component v obtained with different models vs. z+, 
at Reynolds number Re, = 660: -, anisotropic 
model; - - -, Lilly isotropic model. 
- - -. isotropic model 
- anisotropic model 
x experimental data 
3 200.0 400.0 600.0 
z+ 
Figure 19. Rms values of the normal velocity compo- 
nent ‘w obtained with different models vs. t+, com- 
pared with experimental data, at Reynolds number 
Fte, = 660: -, anisotropic model; - - -, Lilly 
isotropic model; x, experimental data by Wei and 
Willmarth [17]. 
We note that as is usually observed in LES simulations, close to the wall vertical velocity 
fluctuations are smaller than experimental data, while longitudinal fluctuations are larger. 
In Figure 21, we plot the forward scatter components e- and backscatter & of the SGS dis- 
sipation EsGs as a function of the coordinate normal to wall z+, as defined in (7),(8). The data 
are averaged over horizontal planes and time. The data are divided by the viscous dissipation E, 
averaged over horizontal planes (Figure 21) or averaged over the computational domain (Fig- 
ure 20). We see as expected that the SGS dissipation tends to zero in the laminar sublayer. In 
Figure 20, we observe a peak in the buffer region. 
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Figure 20. Plane-averaged subgrid-scale dissipa- Figure 21. Plane-averaged subgrid-scale dissipa- 
tion (E) divided by the mean viscous dissipation tion (t) divided by the mean viscous dissipation (t,,) 
(eV)” at Re, = 640. -, backward scatter; - - -, at Re, = 640. -, backward scatter; - - -, forward 










Figure 22. Fraction of grid points where backward 
and forward scatter occur, at F& = 640. -, back- 
ward scatter; - - -, forward scatter. 
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Figure 23. The angle 
4-4 = arccos~ d 
P-r b-Q2 (n (72)) (‘Ik ($2)) 
is plotted versus .z for the anisotropic simulation at 
Se7 = 180 (solid line) and Re, = 660 (dashed line). 
The horizontal long-dashed line corresponds to the 
angle (Y N 62.7’ obtained under the hypothesis of 
random and uncorrelated components of 7 and 3. 
In Figure 22, we show the fraction of points where csGs is positive (backscatter) or negative 
(forward scatter). Here, again the values are averaged over horizontal planes and time and are 
displayed as a function of .z+. We observe a decrease in the fraction of backscatter points in 
the boundary layer, a feature which was obtained also in an a priori test in [18], although the 
decrease is less pronounced here. The values in the middle of the channel are in good agreement 
with those of the a priori test [18]. We note that Piomelli et al. [19] did not find any decrease 
near the wall in a LES of a channel flow at Re = 3300. 
One of the features of our anisotropic model is that the principal axes of the modelled subgrid 
stress tensor are not forced to be aligned with those of the resolved strain rate tensor. We have 
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measured the average angle as defined in (6). We recall that the two tensors r and s have 
the same principal axes (as predicted by Smagorinsky types models); then the angle cr should be 
zero. If instead the two tensors were completely uncorrelated and the components were randomly 
distributed, then it is easy to obtain the value of the average angle, (Y N 62.7”. 
In Figure 23, we show the values of (Y as a function of z obtained with our anisotropic LES 
simulation. The horizontal dashed line corresponds to the angle 62.7”. We remark that near the 
walls there is a strong anticorrelation of the two tensors, whereas in the middle region they are 
slightly correlated. In any case, we are very far from the Smagorinsky prediction QI = 0. 
6. CONCLUSIONS 
An a priori test has been made on a pseudospectral DNS of homogeneous turbulence at Re = 
1000 for several different LES models including the original dynamic model {3,4], an anisotropic 
model [5], and two dynamic models. First of all, comparing our results with other a priori 
tests in the literature [9], we remark that by using a sharp cut-off filter, one obtains much lower 
correlations for the all the models than if a filter in physical space is used. This was also found 
in [20]. Therefore, part of the good behaviour of the models found in the literature, especially 
the mixed ones, is due to the overlapping between resolved and unresolved scales. 
Comparing the SGS stress tensor expected from DNS with the modelled ones, we find that 
the original dynamic model always gives the worst results. The mixed models produce the best 
correlation coefficients for the SGS stresses, whereas the anisotropic model gives the most correct 
orientation of this tensor. Concerning the energetics, all the models are not dissipative enough, 
especially at those filter widths usually employed in LES. 
Finally, the behaviour of the resolved turbulent stresses L,, is very interesting, it is well corre- 
lated with the SGS stresses from DNS, and it correctly represents the SGS dissipation, especially 
at low resolution. This explains part of the success of dynamic mixed models, which contain it 
explicitly. It is therefore an important ingredient which can help in improving other models too. 
Concerning the plane channel flow, the two groups of simulations performed have outlined the 
following points: first, at low Reynolds number (Re7 = 180), we h&e seen that the Lilly model 
is underpredicting the spanwise and normal to wall rms components of velocity. This flaw is not 
present in the anisotropic model. Second, the anisotropic model needs less resolution to achieve 
the same precision. Both the above points are explained by the fact that the anisotropic model 
is able to capture the localized structures (since it does not need any average in space or time) 
and to capture their preferential directions (since the mddelled subgrid stress tensor is not forced 
to be aligned with the resolved strain rate one). This is especially true near the walls, where 
elongated structures are present. 
These observations mark out the improved generality and universality of the character of the 
anisotropic model in comparison with isotropic ones, making it very interesting for simulation of 
complex flows too. Future developments of the model will include the study of the dependence of 
the model on other choices for the matrix coefficients aij (4), and the extension of the anisotropic 
model to turbulent convection [8] and to turbulent combustion. 
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